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Abstract: An empirical study of Smarandache k-k additive 
relationships and related data is tabulated and analyzed. It 
leads to the conclusion that the number of Smarandache 2-2 
additive relations is infinite. It is also shown that Smarandache 
k-k relations exist for large values of k. 


We recall the definition of the Smarandache function S(n): 
Definition: S(n) is the smallest integer such that S(n)! is divisible by n. 
The sequence of function values starts: 


nm 1 2 3 4 5 6 7 8 9 10 
Sa): 0 2 3 4 5 3 F 4 6 5 


A table of values of S(n) up to n=4800 is found in Vol. 2-3 of the Smarandache 
Function Journal [1]. 


Definition: A sequence of function values S(n), S(n+1)+ ... +S(n+2k-1) satisfies a k-k 
additive relationship if 
S()+S(nt+ I+ ...+S(nt+k-D)=S(nth)+S(ntk+ D+ ...+S(nt2k-D) 


or 
2k-1 


2 sia+)= 2 S(a+j 


A general definition of Smarandache p-q relationships is given by M. Bencze in Vol. 
11 of the Smarandache Notions Journal [2]. Bencze gives the following examples of 
Smarandache 2-2 additive relationships: S(n)+S(n+1)=S(n+2)+S(m+3) 
§(6)+S(7)=S(8)+S(9), 3+7=4+6; 

S(7)+S(8)=S(9)+S(10), 7+4=6+5; 

§(28)+S(29)=S(30)+S(31), 7+29=5+31. 

He asks for others and questions whether there is a finite or infinite number of them. 
Actually the fourth one is quite far off: 

S(114)+S(115)=S(116)+S(117), 19+23=29+13; 

The fifth one is even further away: 

§(1720)+S(1721)=S(1722)+S(1723), 43+1721=414+1723. 

It is interesting to note that this solution is composed to two pairs of prime twins 
(1721,1723) and (43,41), - one ascending and one descending pair. This is also the 
case with the third solution found by Bencze. 

One example of a Smarandache 3-3 additive relationship is given in the above 
mentioned article: 

S(5)+S(6)+S(7)=S(8)+S(9)+S(10), 5+34+-7=4+6+5. 

Also in this case the next solution is far away: 

§(5182)+S(5183)+S(5184)= S(5185)+S(5186)+S8(5 187), 2591 +73+9=61+2593+19. 
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To throw some light on these types of relationships an online program for calculation 
of S(n) [3] was used to tabulate Smarandache k-k additive relationships. Initially the 
following search limits were set: n<10’; 2<k<26. For k=2 the search was extended to 
n<10*. The number of solutions m found in each case is given in table 1 and is 
displayed graphically in diagram 1 for 3<k<26. The numerical results for k<6 are 
presented in tables 4 -8. 


Table 1. The number m of Smarandache k-k additive solutions for n<10’. 


k 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 
m 158 43 20 8 811 5 8 6 5 2 5 7 2 4 8 1 3 4 1 4 € 2 3 2 
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Diagram 1. The number m of Smarandache k-k additive relationships for n<10’ for 3<k<26. 


The first surprising observation - at least to the author of these lines - is that the 
number of solutions does not drop off radically as we increase k. In fact there are as 
many 23-23 additive relationships as there are have 10-10 additive relationships and 
more than the number of 8-8 relations in the search area n<10’. The explanation 
obviously lies in the distribution of the Smarandache function values, which up 
n=32000 is displayed in numerical form on page 56 of the Smarandache Function 
Journal, vol. 2-3 [1]. This study has been extended to n<10’. The result is shown in 
table 2 and graphically displayed in diagram 2 where the number of values z of S(n) in 
the intervals 500000y+1<S(n)<500000(y+1) is represented for each interval 
$00000x+1<n<500000(x+1) for y=0,1,2,...,19 and x=0,1,2,...,19.The fact that S(p)=p 
for p prime manifests itself in the line of isolated bars sticking up along the diagonal of 
the base of the diagram. The next line, which has a gradient = 0.5 ,corresponds to the 
fact that S(2p)=p. Of course, also the blank squares in the base of the diagram would 
be filled for n sufficiently large. For the most part, however, the values of S(n) are 
small compared to n. This corresponds to the large wall running at the back of the 
diagram. A certain value of S(n) may be repeated a great many times in a given 
interval. For n<10’ 82% of all values of n correspond to values of S(n) which are 
smaller than 500000. It is the occurrence of a great number of values of S(n) which 
are small compared to n that facilitates the occurrence of equal sums of function 
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values when sequences of consecutive values of n are considered. If this argument is as 
important as I think it is then chances are good that it might be possible to find, say, a 
Smarandache 50-50 additive relationship. I tried it - there are five of them, see table 9. 
Of the 158 solutions to the 2-2 additive relationships 22 are composed of pairs of 
prime twins. These are marked by * in table 3. Of course there must be one ascending 
and one descending pair, as in 

93693 17+199=93693 19+197 
A closer look at the 2-2 additive relationships reveals that only the first two contain 
composite numbers. 


Question 1: For a given prime twin pair (p,p+2) what are the chances that p+1 has a 
prime factor q #2 such that q+2 is a factor of p-I or q-2 a factor of p+3? 

Question 2: What percentage of such prime twin pairs satisfy the Smarandache 2-2 
additive relationship? 

Question 3: Are all the Smarandache 2-2 additive relationships for n>7 entirely 
composed of primes? 


To elucidate these questions a bit further this empirical study was extended in the 
following directions. 


1. All Smarandache 2-2 additive relations up to 10° were calculated. There are 481 of 
which 65 are formed by pairs of prime twins. 

2. All Smarandache function values involved in these 2-2 additive relationships for 
7<n<10* were prime tested. They are all primes. 

3. An analysis of how many of the Smarandache function values for n<10° are primes, 
even composite numbers or odd composite numbers respectively was carried out. 


The results of this extended search are summarized by intervals in table 3 from which 
we can make the following observations. The number of composite values of S(n), 
even as well as odd, are relatively few and decreasing. In the last interval (table 3) 
there are only 1996 odd composite values. Even so we know that there are infinitely 
many composite values of S(n), examples S(p’)=2p, S(p*)=3p for infinitely may primes 
p- Nevertheless the scarcity of composite values of S(n) explains why all the 2-2 
additive relations examined for n>7 are composite. 

The number of 2-2 additive relations is of the order of 0.1 % of the number of prime 
twins. The 2-2 additive relations formed by pairs of prime twins is about 13.5% of the 
prime twins in the respective intervals. 

Although one has to remember that we are still only “surfing on the ocean of numbers” 
the following conjecture seems safe to make: 


Conjecture: The number of Smarandache 2-2 additive relationships is infinite. 


What about k>2? Do k-k additive relations exist for all k? If not - which is the largest 
possible value of k? When they exist, is the number of them infinite or not? 
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16437 
16429 
16761 16573 11153 
16921 16823 11328 11250 11166 
34139 17148 16991 11470 =. 11350)=—-11319 6588 8560 8497 
34778 17453-17325 11641 11604 11533 B730 8723 8683 15614 7014 6931 12788 
35657 17971 #17686 12033 11852 20793 8950 16060 16066 13102 13119 18125 11059 15515 15488 13592 
36960 18700 30791 21798 28891 22955 28086 23553 27681 23970 27206 24323 26992 24500 26864 24601 26650 24762 
499999 463040 445643 434431 426092 419679 414225 409741 405704 402172 399158 396323 393706 391352 369193 387190 385253 383470 391848 
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Table 2. The number of values z of S(n) in the intervals 500000y+1<S(n)<500000(y+1) is represented for each interval 500000x+1 $n<500000(x+1) for y=0,1,2,...,19 
and x=0,1,2,...,19. 


Distribution of S(n) 
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Diagram 2. The distribution of S(n) for n<10’. 


Table 3. Comparison between 2-2 additive relations and other relevant data. 


—twnterval” } of @ of 2-2 # formed #@ of S. # of S. # of S.” 
prime additive by pairs function function odd 
twins relations of twins primes even composite 
values values 
n<l0” 58980 158 22 9932747 59037 8215 
10” <ns2-10" 48427 59 9 9957779 38023 4198 
2-107 <n<3-107 45485 37 4 9963674 32922 3404 
3-107 <n< 4-107 43861 42 4 9967080 29960 2960 
4-107 <n<5-10" 42348 40 5 9969366 27962 2672 
5.10’ <n<6-10" 41547 30 2 9971043 26473 2484 
6-10? <n<7-10" 40908 28 4 9972374 25303 2323 
7.10" <n<B-10" 39984 41 7 9973482 24327 2191 
8-107 <n<9-10’ 39640 20 4 9974414 23521 2065 
9.10 <n<108 39222 26 4 9975179 22825 1996 


Total 440402 481 65 99657140 310355 99999999 
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Table 4. Smarandache function: 2-2 additive quadruplets for n<10’ 
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Table 4. ctd 
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Table 4. ctd 
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Table 5. Smarandache function: 3-3 additive sextets for n<10’ 
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Table 6. Smarandache function: 4-4 additive octets for n<10’ 
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Table 7. Smarandache function: 5-5 additive relationships for n<10’ 
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Table 8. Smarandache function: 6-6 additive relationships for n<10’ 
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Table 9. Smarandache function 50-50 additive relations 


ETeTE___[peTeS59____ asses fan 105606 
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n=2385965 


$(n)/S(nt51) 107 58631 101 7829 1523 1087 7823 
S$ (n+1)/S (n+52) 1877 47 349 61 2549 2069 36151 431 
S$ (n+2) /S (n+53) 3449 631 4567 54829 140351 1091 
S(n+3) /S (nt+54) 1543 863 109609 3323 11471 70177 
S (n+4) /S (nt+55) 1303 97 113 5483 795323 1093 
S(n+5) /S (n+56) 137 9781 641 109661 601 23 
S (n+6) /S (n+57) 307 58687 409 373 1213 216911 
S(n+7)/S (n+58) 337 131 2237 =©109663 347 1193011 
S(n+8)/S (n+59) 8377 6521 18269 149 8431 1151 
S (n+9) /S (n+60) 733 5869 1993 2437 51869 2953 
S(n+10) /S(n+61) 1777 3089 31 54833 1097 95441 
S(n+11)/S(n+62) 269 73 599 6451 298247 1867 
S (n+12) /S (n+63) 347 58693 2383 37 6997 7927 
S (n+13) /S (n+64) 181 29347 {109619 15667 56809 596507 
S(n+14)/S (n+65) 317 43 29 997 2385979 795343 
S(n+15) /S (n+66) Ti 29 109621 263 119299 887 
$(n+16) /S (n+67) 173 743 39293 13709 20393 2386031 
S (n+17/S (n+68) 7331 1087 36541 109673 1697 4519 
S (n+18) /S (n+69) 263 58699 193 677 2385983 6329 
S$ (n+19) /S (n+70) 23 587 877 107 43 1301 
S§ (n+20) /S (n+71) 659 1151 151 3917 68171 31193 
S$ (n+21)/S (n+72) 43 599 15661 36559 2657 14549 
S$ (n+22) /S (n+73) 21 1249 27407 61 795329 30203 
S$ (n+23)/S (n+74) 29327 1223 937 1637 257 397673 
S$(nt+24) /S (n+75) 11731 199 $77 457 2385989 4051 
S(n+25) /S (n+76) 47 197 2963 59 8837 59651 
S§ (n+26) /S (n+77) 58657 593 S71 317 2385991 113621 
S$ (n+27) /S (n+78) 211 1129 6449 1741 311 1193021 
§(n+28) /S (n+79) 19553 8387 191 1613 7433 9431 
S (n+29) /S (n+80) 419 103 7309 21937 563 22093 
S(n+30) /S (n+81) 58661 58711 | 27409 181 113 477209 
$(n+31) /S (n+82) 3259 179 9967 251 198833 91771 
S (n+32) /S (n+83) 5333 19571 6091 13711 457 795349 
S (n+33) /S(n+84) 7333 947 109639 36563 2693 2663 
S (n+34)/S(n+85) 3911 11743 2741 1567 313 50767 
S(n+35) /S (n+86) 29333 233 227 479 1193 15907 
S (n+36) /S (n+87) 34 827 4217 277 89 2386051 
S (n+37) /S (n+88) 4889 157 1321 2551 8461 35089 
S (n+38) /S(n+89) 4513 46 9137 4219 2386003 265117 
S(n+39) /S(n+90) 5867 367 21929 103 307 108457 
S(n+40) /S(n+91) 53 4517 751 857 2179 9739 
S$ (n+41) /S(n+92) 193 9787 i131 15671 251 2687 
S (n+42) /S (n+93) 2551 8389 89 389 3463 2386057 
S (n+43) /S (n+94) 127 277 199 673 1069 62791 
S(n+44) /S(n+95) 2347 29 43 1097 2386009 317 
S (n+45) /S (n+96) 14669 29363 2333 239 199 2251 
S(n+46) /S (n+97) 19559 58727 347 $4851 795337 2386061 
$(n+47) /S(n+98) 29339 2447 36551 9973 596503 653 
S(n+48) /S (n+99) 58679 281 503 653 340859 2386063 
S$ (n+49) /S (n+100) il 79 163 839 241 593 727 757 


| Sum 30307 ~20307 | 154521 1545211457399 457399] 705120 705120} 18703984 18703984 
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